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We address the problem of characterising the compatible tuples of measurements that admit a
unique joint measurement. We derive a uniqueness criterion based on the method of perturbations
and apply it to show that extremal points of the set of compatible tuples admit a unique joint
measurement, while all tuples that admit a unique joint measurement lie in the boundary of such a
set. We also provide counter-examples showing that none of these properties are both necessary and
sufficient, thus completely describing the relation between joint measurement uniqueness and the
structure of the compatible set. As a by-product of our investigations, we completely characterise
the extremal and boundary points of the set of general tuples of measurements and of the subset of
compatible tuples.
INTRODUCTION
Among the many counter-intuitive features of quantum
theory, the fact that we cannot perfectly implement cer-
tain measurements concomitantly lies among the most
remarkable ones. This fundamental incompatibility, cap-
tured by the notion of joint measurability [1], lies in the
core of a myriad of phenomena and applications of the the-
ory, such as Bell nonlocality [2], uncertainty relations [3]
and quantum key distribution [4].
Similarly to the role played by entanglement in the
study of the set of quantum states, measurement com-
patibility motivates us to investigate the set of quantum
measurements. Although this set is well-understood in
terms of extremal and boundary points [5], the richer
set composed of tuples (ordered sets) of measurements
remains to be investigated. In particular, little is known
about the subset of jointly measurable tuples of measure-
ments.
Joint measurability refers to the property of a tuple
of measurements to be implemented as a single one, the
so-called joint measurement. Therefore, the joint measur-
ability of such a tuple is equivalent to the existence of a
joint measurement. The starting point of this work is to
understand the duality existence-uniqueness in this case,
posing the follow up question: what compatible tuples of
measurements admit a unique joint measurement?
In the particular case of compatible tuples of projective
measurements we do have a unique joint measurement.
Joint measurement uniqueness can be further connected
to the concepts of greatest and maximal lower bounds [6].
The extremality of the measurements in the tuple was also
studied, and found to be related to the extremality and
uniqueness of the corresponding joint measurement [7],
but not equivalent. This property is also sufficient for
some relations between joint measurability and coexist-
ence [8], but the extremality of the tuple itself was never
considered. Since the set of jointly measurable tuples
is a convex proper subset of the set of general tuples of
measurements, a natural idea is to investigate the relation
between joint measurement uniqueness and the extremal-
ity/boundary property of tuples in this set (Figure 1).
In this work we characterise the extremal and bound-
ary points of the sets of general and compatible tuples
of measurements. We prove that a compatible tuple is
extremal (respectively, in the boundary) in the compat-
ible set if and only if its joint measurement is extremal
(respectively, in the boundary) in the corresponding set
of single measurements.
Furthermore, we generalise the perturbation technique
introduced in Ref. [5] and derive a criterion for deciding
whether a given compatible tuple admits a unique joint
measurement. We apply it to prove necessary and suffi-
cient conditions for joint measurement uniqueness, namely
that (i) extremal tuples (in the compatible set) admit
a unique joint measurement, and (ii) tuples admitting
a unique joint measurement lie in the boundary of the
compatible set. We also present examples showing that
none of this conditions is both necessary and sufficient,
therefore completely determining the relation between
uniqueness and the structure of the compatible set.
PRELIMINARIES
Let H be a d-dimensional Hilbert space and Herm(H)
be the set of Hermitian operators acting on H. A quantum
measurement on H with n outcomes is modelled by a
POVM (positive-operator-valued measure), which is a
tuple A = (A1, . . . , An) ∈ Herm(H)n of positive semi-
definite operators satisfying
∑
iAi = I, where each Ai
corresponds to outcome i and I is the identity operator
on H. The operators Ai are called the effects of A. In the
case where the effects Ai are projectors, we say that A is
a projective measurement. Notice that some effects might
be null, corresponding to outcomes that never occur.
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2Figure 1. The two sets of main interest in this work: the set
P(d, n)m of tuples of m measurements in dimension d with n
outcomes (in light colour) and its subset Jm(d, n) of jointly
measurable tuples (in dark colour). The boundaries of both
sets are composed of extremal (in full line) and non-extremal
points (in double line).
We denote the set of n-outcome qudit measurements
by P(d, n), or simply by P if the dimension and number
of outcomes are redundant. P is a convex set. Indeed,
given A,B ∈ P and p ∈ [0, 1], their convex combination
pA+ (1− p)B =: C ∈ P is the measurement defined by
the effects Ci = pAi + (1− p)Bi, for i = 1, . . . , n. A meas-
urement is extremal (in P) if it cannot be decomposed
into the convex combination of two different POVMs.
A tuple 1 of m n-outcome measurements A =
[A(1), . . . ,A(m)] ∈ P(d, n)m is jointly measurable, or
compatible, if there exists a joint measurement M =
(Ma1...am), with ai ∈ {1, . . . , n} for all i, such that
Ma1...am ≥ 0, ∀a1, . . . , am (1a)∑
s6=j
n∑
as=1
Ma1...(aj=i)...am = A
(j)
i , ∀j, i. (1b)
Hence, all POVM elements A(j)i can be recovered by
coarse-graining over M. Notice that the normalisation∑
s
∑
as
Ma1,...,am = I is guaranteed by the normalisation
of any of the POVMs once the marginal constraints are
satisfied, thusM is a valid POVM. We denote by Jm(d, n)
the subset of P(d, n)m composed by jointly measurable
tuples of m POVMs. Again, for ease of notation, we
will use simply Pm and Jm whenever the dimension and
number of outcomes are redundant.
1 Here we consider tuples of measurements (instead of sets) in order
to unambiguously associate the POVM on the j-th entry of the
tuple with the marginal obtained by summing the effects of the
joint measurement over all indices but the j-th. Tuples are also
the appropriate object to define extremality of jointly measurable
collections of measurements.
One can write a feasibility SDP (semidefinite pro-
gramme) to decide whether a given tuple of POVMs
A is jointly measurable [10]:
given A = [A(j)]
find M = (Ma1...am) (2)
s.t. Ma1...am ≥ 0, ∀a1, . . . , am∑
s6=j
n∑
as=1
Ma1...(aj=i)...am = A
(j)
i , ∀j, i.
An SDP formulation of a problem is valuable since this is
a class of problems that can be solved computationally
in an efficient way.
We can depolarise a POVM A by applying the depol-
arising map
Φt : Ai 7→ tAi + (1− t)Tr(Ai)
d
I (3)
to each effect Ai, where t ∈ [0, 1] is called the visibility of
the depolarised POVM. Hence we write
Φt(A) := (Φt(A1), . . . ,Φt(An)). (4)
Notice that depolarising A is equivalent to mixing it with
a trivial POVM having all effects proportional to the
identity,
Φt(A) = tA+ (1− t)ATr, (5)
where ATr = (Tr(A1)I/d, . . . ,Tr(An)I/d).
By depolarising each POVM in a tuple A = [A(j)] of
measurements we obtain a depolarised tuple
Φt(A) := [Φt(A(j))]. (6)
Every tuple A becomes jointly measurable if depolarised
enough, i.e., for sufficiently small t. It is straightforward
to modify SDP (2) to find the maximum depolarisation
parameter t that makes a target tuple [A(j)] jointly meas-
urable [11].
We are interested in characterising the tuples that admit
a unique joint measurement. Notice that ifM,M′ are two
joint measurements for a fixed tuple of measurements A,
then any convex combinationN = pM+(1−p)M′ satisfies
Eqs. (1), showing that N is also a joint measurement for
this tuple. Therefore the set of joint measurements for A
is convex. In particular, since every parameter p ∈ [0, 1]
provides a different joint N, we have that for every tuple
of POVMs there are exactly zero (in the incompatible
case), one or infinitely many joint measurements for it.
PERTURBATIONS FOR POVMS
We approach the problem of deciding whether a given
compatible tuple of POVMs admits a unique joint meas-
urement by adapting the perturbation method introduced
3in Ref. [5]. For every measurement A ∈ P(d, n), there are
infinitely many tuples DA ∈ Herm(H)n that preserves its
POVMness, i.e., satisfying
Ai +DAi ≥ 0, i = 1, . . . , n (7a)∑
i
DAi = 0 (7b)
and therefore ensuring that A+DA is still a valid POVM.
Notice that we require no positive semi-definitiveness
from the perturbation operators (nor could they all be
positive semi-definite without being trivial, due to Eq.
(7b)). We say that such tuples DA are POVM-preserving
perturbations for A.
Example 1. We can interpret a depolarised POVM
Φt(A) as a perturbed version of A, as already hinted
in Eq. (5). For every A ∈ P(d, n), the tuple DTr defined
by
DTri =
Tr(Ai)
d
I−Ai, (8)
for i = 1, . . . , n, satisfies Eqs. (7), and also
Φt(A) = A+ (1− t)DTr. (9)
Therefore, (1− t)DTr is a POVM-preserving perturbation
for A for any t ∈ [0, 1]. We call DTr the depolarising
perturbation for A.
As already pointed in Ref. [5], we can apply the per-
turbation method to decide on the extremality of a meas-
urement. Namely, a POVM A is extremal if and only if
it does not possess any non-null perturbation DA that
is symmetric, in the sense that −DA is also a POVM-
preserving perturbation for A. Otherwise, there would
be the convex decomposition
A = 12
[
(A+DA) + (A−DA)
]
, (10)
witnessing the non-extremality of A.
The set P(d, n)m of tuples of measurements inherits
the convex structure of P(d, n) once we define the con-
vex combination componentwise. Hence, we can intro-
duce perturbations for a tuple of POVMs. We say that
DA = [D(j)]j ∈ Herm(H)nm is a POVM-preserving per-
turbation for A if eachD(j) is a POVM-preserving perturb-
ation for A(j). Thus, A is an extremal tuple of POVMs
(in P(d, n)m) if and only if there is no symmetric perturb-
ation DA 6= 0 for A. Consequently, the extremality of
A is strongly bonded to the extremality of its elements.
For sake of completeness we prove the following charac-
terisation, that holds for any Cartesian product such as
P(d, n)m.
Theorem 1. A tuple of measurements A =
[A(1), . . . ,A(m)] ∈ Pm is extremal in Pm if and only
if each of its elements A(j), j = 1, . . . ,m, is extremal in
P.
Proof. We prove both directions by contraposition. Sup-
pose, without loss of generality, that A(1) is not extremal,
and that D 6= 0 is a symmetric perturbation for it. Hence,
D = [D, 0, . . . , 0] is a non-null symmetric perturbation
for A, which therefore is not extremal.
Conversely, if A is not extremal in Pm, then there
exists a non-null symmetric perturbation D = [D(j)].
Since D(j0) is non-null for some j0 and by definition it
is a symmetric perturbation for A(j0), we conclude that
A(j0) is not extremal.
The set of main interest in this work is Jm, the subset of
Pm of jointly measurable tuples of measurements. Given
A,B ∈ Jm, consider their joint measurements MA and
MB, respectively. Any convex combination C = tA +
(1 − t)B admits a joint measurement given by MC =
tMA + (1 − t)MB, and therefore Jm(d, n) is a convex
set. Following the perturbation approach, we say that
A is extremal in Jm if there is no joint measurability-
preserving (JM-preserving) perturbation DA such that
A±DA ∈ Jm (see Figure 2).
Figure 2. In green, an extremal compatible tuple A1, for which
any POVM-preserving perturbation D1 satisfies A1 − D1 /∈
Jm(d, n). In red, the compatible tuple A2 lies in the boundary
∂(Jm(d, n)), as witnessed by the perturbation D2 (see Section
), but it is not extremal, as witnessed by the perturbation D′2.
Analogously to a perturbation that preserves POVM-
ness, we can study perturbations that preserve the mar-
ginals of a joint measurement. More specifically, given a
joint measurement M for a tuple A, we can search for a
marginal-preserving perturbation DM such that M+DM
is still a joint measurement for A. This is equivalent to
say that
Ma1...am +DMa1...am ≥ 0, ∀a1, . . . , am, (11a)∑
s6=j
n∑
as=1
DMa1...(aj=i)...am = 0, ∀j, i. (11b)
Notice that Eqs. (11) also ensure that DM preserves the
POVMness of M, hence a marginal-preserving perturba-
tion is a particular case of a POVM-preserving perturba-
tion.
As before, one can write an SDP to decide whether
there is a perturbation that preserves the marginals for a
4given joint measurement M,
given M
max
D
tr(D1...1λ1) (12)
s.t. Ma1...am +Da1...am ≥ 0, ∀a1, . . . , am,∑
s 6=j
n∑
as=1
Da1...(aj=i)...am = 0, ∀j, i,
where {λi} is an orthogonal basis of the space of Hermitian
operators and D1...1 is the first perturbation operator. We
write it as a maximisation of the first coefficient in the
decomposition D1...1 =
∑d2
i=1 αiλi only for ensuring a
non-null optimal argument D (in the case where there is
one). Hence the complete computational test for checking
on the uniqueness of a joint measurement comprehends
running the above SDP for each basis operator λi and each
perturbation operator Dd1...dn in the objective function.
The above formulation provides a criterion for deciding
on the uniqueness of the joint measurementM for a given
tuple A.
Theorem 2. Let A be a jointly measurable tuple of meas-
urements and M a joint measurement for A. Then M
is unique if and only if there is no marginal-preserving
perturbation D 6= 0 for M.
Proof. If there is such non-null perturbation D, then
M′ = M + D is also a joint measurement for A. On
the other hand, if there is another joint measurement
M′ 6= M, then define the non-null perturbation D =
M′ −M.
EXTREMALITY AND UNIQUENESS
Now that we have a criterion to decide on the unique-
ness of joint measurements, in this section we study its
relation with the extremality of the tuple of POVMs A in
question. More specifically, we prove that the extremality
of the tuple in the compatible set is sufficient to guarantee
the uniqueness of the joint measurement. The proof is
based on the idea of constructing a JM-preserving per-
turbation for a compatible tuple starting from a marginal-
preserving perturbation for its joint measurement.
Theorem 3. Let A ∈ Jm be a jointly measurable tuple of
measurements. If A is extremal in Jm, then there exists
a unique joint measurement for A.
Proof. We prove the contrapositive of the above statement,
namely that if the joint measurement is not unique, then
A is not extremal in Jm. More specifically, we provide an
algorithmic method that finds withinm steps a non-trivial
decomposition of A into compatible tuples whenever the
joint measurement is not unique.
Suppose that M,M′ are two distinct joint measure-
ments for A, and define D = M′ −M. Hence the per-
turbation D satisfies
Ma1...am +Da1...am ≥ 0, ∀a1, . . . , an (13a)
M ′a1...am −Da1...am ≥ 0, ∀a1, . . . , an (13b)∑
ar 6=aj
Da1...(aj=i)...am = 0, ∀j, i. (13c)
Since M 6= M′, there is at least one non-null perturba-
tion operator Da1...am . Without loss of generality, lets as-
sume D1...1 6= 0; otherwise we could consider a relabeling
of the POVMs in A whose joint measurements satisfy
this property, and both joint measurability and number
of joint measurements are preserved by relabelings. Since
each marginal of D vanishes, our strategy is to use them
as POVM-preserving perturbations for M and M′ in or-
der to construct a symmetric JM-preserving perturbation
for A.
Consider the POVMs M(1,+),M(1,−) given by effects
M (1,+)a1...am = Ma1...am + δ1,a1Da1...am (14a)
M (1,−)a1...an = M
′
a1...am − δ1,a1Da1...am (14b)
where δ1,a1 equals 1 if a1 = 1 and 0 otherwise. These
operators are positive semi-definite and M(1,+),M(1,−)
are normalised due to Eq. (13c). Hence, their marginals
define valid POVMs, given by
∑
s 6=j
n∑
as=1
M
(1,±)
a1...(aj=i)...am
= A(j)i ± (1− δ1,j)
∑
s6=1,j
n∑
as=1
D(a1=1)...(aj=i)...am
(15a)
=: A(j,1,±)i . (15b)
These define valid tuples of POVMs
A(1,±) = [A(j,1,±)]j (16)
which are jointly measurable by definition, since each
was born from the joint measurement M(1,±). Thus we
obtained the decomposition
A = 12(A
(1,+) +A(1,−)). (17)
If A(1,±) 6= A, this decomposition is non-trivial and we
are done. If not, we have that for all j = 1, . . . ,m,
A(j,1,±) = A(j) and in particular A(2,1,±)1 = A
(2)
1 , which
implies
∑
s>2
n∑
as=1
D11a3...am = 0. (18)
5Taking this marginal as perturbation, we construct now
the POVMs
M (2,+)a1...am = Ma1...am + δ1,a1δ1,a2Da1...am (19a)
M (2,−)a1...an = M
′
a1...am − δ1,a1δ1,a2Da1...am , (19b)
whose marginals define effects
A
(j,2,±)
i :=A
(j)
i ± (1− δj,1)(1− δj,2)
×
∑
s 6=1,2,j
n∑
as=1
D11a3...(aj=i)...am (20)
and tuples A(2,±) = [A(j,2,±)]j , satisfying A = (A(2,+) +
A(2,−))/2. Again, if A(2,±) 6= A, we are done. If not, we
have A(3,2,±)1 = A
(3)
1 and∑
s>3
n∑
as=1
D111a4...am = 0, (21)
for all j = 3, . . . ,m, i = 1, . . . , n. We use now this
marginal as perturbation forM,M′ and constructM(3,±),
repeating the process. Thus at each round k we can
construct a decomposition into compatible tuples A =
(A(k,+) +A(k,−))/2, that if not trivial concludes the proof,
and otherwise provides a new restriction
∑
s>k+1
n∑
as=1
D1...1ak+2...am = 0, (22)
that is used as perturbation for M,M′ in the next round.
If after m− 2 repetitions all yielded decompositions are
trivial, we take the last step and obtain POVMs given by
A
(j,m−1,±)
i = A
(j)
i ± δj,mD1...1i, (23)
where we used δj,m = (1−δj,1) . . . (1−δj,m−1), which com-
pose compatible tuples A(m−1,±) = [A(j,m−1,±)]j . These
form a decomposition for A for which we guarantee that
A(m−1,±) 6= A, since
D1...1 6= 0 =⇒ A(m,m−1,±)1 6= A(m)1 . (24)
Hence, A is not extremal in Jm.
The proof of Theorem 3 allows for the following corollar-
ies, further relating properties of the tuple with features
of the joint measurement. Corollary 4 and a weaker ver-
sion of Corollary 5 (restricted to m = 2 and requiring the
tuple to be extremal both on Pm and Jm) were already
proved in Ref. [7], in the context of operator algebras.
Corollary 4. Let A = [A(1), . . . ,A(m)] ∈ Jm be a jointly
measurable tuple of measurements. If any A(j) in A is
an extremal measurement, then A admits a unique joint
measurement.
Proof. The proof of Theorem 3 shows that if there is
more than one joint measurement for the tuple, there is
an algorithm that provides a non-trivial decomposition
A(m) = (A(m,j,+) +A(m,j,−))/2, where in the worst case
j = m− 1. The latter is a direct consequence of the fact
that at each step k of the algorithm we choose A(k+1)1 =
A
(k+1,k,±)
1 to yield the next perturbation and k = m− 1
is the last choice, but any effect A(l)1 , l = k + 1, . . . ,m,
provides an analogous condition. If we alter the recipe
such that the condition corresponding to A(j)1 is chosen at
last, for any j = 2, . . . ,m, it culminates in a non-trivial
decomposition for A(j). We extend this to j = 1 by
placing δ1,a2 in (14), to kickstart the process. Therefore,
various joint measurements for A allow us to obtain a
non-trivial decomposition for any measurement A(j) in
the tuple.
Corollary 5. A = [A(1), . . . ,A(m)] ∈ Jm(d, n) is ex-
tremal in Jm(d, n) if and only if its (unique) joint meas-
urement is extremal in P(d, nm).
Proof. We start by proving the "only if" part. Suppose
M is a joint measurement for A and that exists a per-
turbation D for M such that M±D ∈ P(d, nm). If D is
a marginal-preserving perturbation, then A admits more
than one joint measurement and by Theorem 3 we have
that A is not extremal. It is left to prove now the case in
which D is not marginal-preserving.
For each j ∈ {1, . . . ,m} and i ∈ {1, . . . , n}, consider
A(j,±)aj =
∑
r 6=j
∑
ar
Ma1...(aj=i)...am ±Da1...(aj=i)...am . (25)
This defines measurements A(j,±), and since D is not
marginal-preserving we have∑
r 6=j
∑
ar
Da1...(aj=i)...am 6= 0 (26)
for at least one choice of j and i. Hence, A(j,±) 6= A(j)
and for A(±) = [A(j,±)]j we have the non-trivial decom-
position
A = 12(A
(+) +A(−)). (27)
Since A(+),A(−) ∈ Jm(d, n), we conclude that A is not
extremal in Jm(d, n).
Conversely, suppose that A is not extremal in Jm(d, n).
Then there exist compatible tuples A(+) 6= A(−) ∈
Jm(d, n) such that A = (A(+) + A(−))/2. Denoting by
M(+) and M(−) their joint measurements, respectively,
we see that M(+) 6= M(−) and the measurement defined
by M := (M(+) +M(−))/2 is a joint measurement for A
that is clearly not extremal in P(d, nm).
Since extremal measurements in dimension d have at
most d2 non-null effects [5], Corollary 5 implies that any
6Figure 3. A pictorial representation of Corollary 5: a tuple of
measurements A is extremal in the compatible set Jm(d, n) if
and only if its unique joint measurement MA is extremal in
the set P(d, nm).
joint measurement with more than d2 non-null effects
corresponds to non-extremal tuples.
The following example illustrates Corollary 4 and at
the same time shows that the converse of Theorem 3 is
false.
Example 2. Consider the pair of trivial POVMs A =
[(I, 0), (I/2, I/2)] ∈ J2(2, 2), which can be decomposed in
two trivially compatible tuples,
A = 12 ([(I, 0), (I, 0)] + [(I, 0), (0, I)]) , (28)
and therefore is not extremal in J2(2, 2). A joint measure-
ment M for A should satisfy M21 + M22 = 0, hence
M21 = 0 = M22. Since the other marginals imply
M11 = M11 + M21 = I/2, and analogously M12 =
M12 + M22 = I/2, we see that these conditions define
uniquely each effect of the joint measurement M. There-
fore, not all tuples that admit a unique joint measurement
are extremal.
However, every time we have a tuple of trivial POVMs
and at least two of them are not deterministic, we can show
that it admits an infinite number of joint measurements.
Proposition 6. Let A = [~p(1)I, . . . , ~p(m)I] be a tuple
of trivial POVMs, where each ~p(j) is an n-dimensional
probability vector and ~p(j)I := (p(j)1 I, . . . , p
(j)
n I). If at
least two vectors ~p(j0), ~p(j1) are not deterministic, i.e.,
~p(j0), ~p(j1) ∈ [0, 1)n, then A has an infinite number of
joint measurements.
Proof. Note that every tuple of trivial POVMs A admits
a joint measurement M defined by
Ma1...am =
m∏
s=1
p(s)as I. (29)
Without loss of generality, assume that ~p(1), ~p(2) are non-
deterministic, and hence each vector has two non-null
entries, say p(1)1 , p
(1)
2 , p
(2)
1 , p
(2)
2 > 0. Furthermore, assume
that p(j)1 > 0, ∀j > 2 (since some entry of every ~p(j) must
be non-null).
Let us now construct a marginal-preserving perturba-
tion for M. Consider α = min{p(1)a p(2)b p(3)1 . . . p(m)1 ; a, b ∈
{1, 2}}. Given our assumptions, this set contains only
strictly positive elements, and therefore α > 0. Notice
now that
M111...1 + αI ≥ 0 (30a)
M121...1 − αI ≥ 0 (30b)
M211...1 − αI ≥ 0 (30c)
M221...1 + αI ≥ 0. (30d)
This shows that the perturbation D defined by
Da1...am =

αI, if a1 . . . am ∈ {111 . . . 1, 221 . . . 1}
−αI, if a1 . . . am ∈ {121 . . . 1, 211 . . . 1}
0, otherwise
preserves the marginals of M, since it is straightforward
to check that the marginals of D sum up to zero. We now
apply Proposition 2 to conclude that there are multiple
joint measurements for A.
Trivial measurements can be argued to be the simplest
class of measurements, and therefore it is natural to study
its properties first. Here we have a second motivation to
do so: recalling Eq. (5), we see that depolarised versions
of a measurement can be interpreted as combinations of
the original measurement with a trivial one related to it.
BOUNDARY AND UNIQUENESS
We consider now the boundary of the sets Pm and Jm
of general and jointly measurable tuples of m POVMs.
The boundary ∂(Pm) is the set of tuples of POVMs A ∈
Pm for which there exists a perturbation DA such that
A + DA ∈ Pm, and for all  > 0, A − DA /∈ Pm. In
this case, we say that the perturbation DA witnesses
that A lies in the boundary (see Fig. 2). We define the
boundary of Jm analogously, and denote it by ∂(Jm).
Both concepts are natural generalisations of the boundary
of the set of measurements, ∂(P). In Ref. [5] it is shown
that a measurement lies in ∂(P) if and only if it has an
effect with a non-trivial kernel, i.e., which is not full-rank.
Our goal now is to find similar characterisations for ∂(Pm)
and ∂(Jm).
We recur to the concept of boundary to capture the
idea of having flat parts in the "shape" of a convex set,
corresponding to non-extremal points. It is clear from the
definition that extremal tuples, either in Pm or Jm, are a
particular case of tuples in the boundary of the given set.
We can even use any perturbation to illustrate this fact,
since for any given perturbation D for the extremal tuple
A it follows that D is also a valid perturbation, for any
 ∈ [0, 1]. Thus if −D also preserves the POVMness/joint
measurability of A, then it is a symmetric perturbation
with this property, contradicting the extremality of A.
7Example 3. Consider the non-extremal tuple A =
[(I, 0), (I/2, I/2)] of Example 2. Notice that DA =
[(−I/2, I/2), (0, 0)] is a POVM-preserving perturbation
for A, but for any given  > 0 the first element of A−DA
is ((1 + /2)I,−I/2), which is not a valid POVM due to
its second effect. Therefore, A ∈ ∂(P(2, 2)×2). Since D
also preserves the joint measurability of A, we actually
see that A ∈ ∂(J2(2, 2)) ∩ ∂(P(2, 2)×2).
In Example 3 we took advantage of the fact that the
first POVM (I, 0) of A is an extremal measurement. It is
simple to generalise the reasoning above to show that if
any POVM ofA lies in the boundary ∂(P), thenA belongs
to the boundary ∂(Pm). This is another particular case
of a characterisation that holds for arbitrary Cartesian
products.
Theorem 7. Let A = [A(1), . . . ,A(m)] ∈ Pm be a tuple
of measurements. Then A ∈ ∂(Pm) if and only if A(j) ∈
∂(P) for some j ∈ {1, . . . ,m}.
Proof. Suppose initially that A ∈ ∂(Pm) and let D =
[D(1), . . . ,D(m)] be a perturbation such that A + D ∈
Pm,A − 1nD /∈ Pm for any n ∈ N. This means that for
every n ∈ N there exists a measurement A(j) in A such
that A(j) + D(j) ∈ P,A(j) − 1nD(j) /∈ P. Since there is
a finite number of POVMs in A, at least one of them
satisfies the prior condition for infinitely many values of
n, implying that for such j we have A(j)− D(j) /∈ P , for
any  > 0. In other words, A(j) ∈ ∂(P).
On the other hand, suppose without loss of generality
that A(1) ∈ ∂(P), with a perturbation D witnessing
that. Then D = [D, 0, . . . , 0] witnesses that A lies in the
boundary ∂(Pm).
We now proceed to investigate the boundary ∂(Jm) of
the compatible set. We are able to connect the boundary
property of the compatible tuple to such property of the
joint measurement.
Theorem 8. Let A ∈ Jm(d, n) be a compatible tuple.
Then A lies in the boundary of the compatible set if and
only if every joint measurement for A lies in the boundary
∂(P(d, nm)) of the set of nm-outcome measurements.
Proof. Here we denote Jm(d, n) by Jm as usual, but P
will now refer to P(d, nm), the relevant set of measure-
ments in this situation. Suppose A ∈ ∂(Jm) and let M
be a joint measurement for A. Then there exists a per-
turbation D such that A+D ∈ Jm,A− D /∈ Jm for all
 > 0.
We will now construct a perturbation D witnessing
that M lies in the boundary ∂(P) based on D. Consider
the joint measurement M′ for the tuple A+D and define
S := M′ −M. We see that S preserves the marginals of
D, since the elements of D are recovered by its marginals,
∑
r 6=j
∑
ar
Sa1...(aj=i)...am = D
(j)
i , (31)
for j = 1, . . . ,m, i = 1, . . . , n, although we have no pre-
servation of the positive semidefinitiveness condition (nor
could have, since possibly none of the operators D(j)i are
positive semidefinite). Notice now that M+ S = M′ is a
valid POVM, which implies that S is a POVM-preserving
perturbation forM. It is straightforward to check that for
any  > 0 the marginals of M− S yield the elements of
A−D, but since we know that A−D /∈ Jm we conclude
that Ma1...am − Sa1...am  0 for some a1, . . . , am. Hence
M − S is not a valid measurement for any  > 0, and
M ∈ ∂(P).
Assume now that A /∈ ∂(Jm). We will show that there
exists a joint measurement M for A such that every effect
of it is full-rank, which implies that it does not belong to
boundary of P [5].
If A is jointly measurable but does not belong to the
boundary of Jm, then for every JM-preserving perturb-
ation D there exists an  > 0 such that A′ := A− D is
still a jointly measurable tuple. Taking D to be formed by
depolarising perturbations (see Eq. (8)) of the POVMs in
A, we see that A′ = Φ1+(A), and hence A = Φ 11+ (A′).
Similarly to Eq. (5), we can write
A = 11 + A
′ + 1 + A
Tr, (32)
where ATr = [A(1),Tr, . . . ,A(m),Tr] is a tuple of trivial
POVMs given by effects A(j),Tri = Tr(A
(j)
i )I/d. Since A ∈
Jm,A /∈ ∂(Jm), and Jm ⊂ Pm, we see that A /∈ ∂(Pm).
By Proposition 7, all the effects of all POVMs in A are
full-rank (and therefore non-null). Hence the same holds
for ATr, and the standard joint measurement for trivial
POVMs MTr defined in Eq. (29) have only non-null (and
therefore full-rank) effects.
Eq. (32) implies that the combination
M = 11 + M
′ + 1 + M
Tr (33)
of the joint measurement M′ for A′ and a joint meas-
urement MTr for ATr is a joint measurement for A. We
conclude the proof by seeing that each effect of M is a
sum of a full-rank and a positive semidefinite operators,
which therefore is full-rank. Thus, M /∈ ∂(P(d, nm)).
Theorem 8 says that if A ∈ ∂(Jm(d, n)) then the set of
joint measurements for A is contained in the boundary
∂(P(d, nm)) (Figure 4). In particular, since this set is
convex, we conclude that it contains a unique element or
all its elements belong to the same facet of the boundary;
otherwise, some joint measurement for A would lie in the
interior of P(d, nm).
Our next result establishes that the boundary property
is a necessary condition for tuples to have a unique joint
measurement.
Theorem 9. Let A ∈ Jm(d, n) be a compatible tuple of
POVMs admitting a unique joint measurement. Then A
lies in the boundary of the compatible set Jm(d, n).
8Figure 4. A pictorial description of Theorem 8: a tuple of
measurements A lies in the boundary ∂(Jm(d, n)) if and only
if the (possibly unit) setM(A) of joint measurements for A,
represented in red, is contained in the boundary ∂(P(d, nm)).
Proof. Once more the proof is by contraposition. Lets
assume A /∈ ∂(Jm). According to Proposition 7, this
means thatA does not contain any extremal measurement,
and in particular, any deterministic POVM.
Analogously to the previous proof, we can use the fact
that A is not in the boundary to write it as
A = 11 + A
′ + 1 + A
Tr, (34)
where ATr = [A(1),Tr,A(m),Tr] is a tuple of trivial POVMs
and A′ = Φ1+(A) is another jointly measurable tuple of
measurements. Since there is no deterministic measure-
ment in A, the same holds for ATr. Thus ATr is a tuple of
trivial, non-deterministic POVMs, and according to Pro-
position 6 there are infinitely many joint measurements
MTr.
Thus we have that each combination
M = 11 + M
′ + 1 + M
Tr (35)
of a joint measurementM′ for A′ and a joint measurement
MTr for ATr is a joint measurement for A. Since each
measurement MTr yields a different M, we conclude that
there is an infinite number of joint measurements for
A.
Theorem 9 takes advantage of the fact that a tuple
in the interior of the compatible set is a noisier version
of some other compatible tuple, and this noise allows
for a plurality of joint measurements. The next natural
question is whether this condition is also sufficient, what
we answer in the negative with the next example.
Example 4. Consider the tuple A(xyz) formed by the
three dichotomic measurements A(x),A(y),A(z) given by
A(w)a =
I+ aσw
2 , (36)
with a = ±1, w = x, y, z, associated to the Pauli observ-
ables. The tuple Φt(A(xyz)) is jointly measurable for any
t < t∗ = 1/
√
3 [12]. At visibility t∗, an 8-outcome joint
measurement M is given by the effects
Mabc =
1
8
(
I+ aσx + bσy + cσz√
3
)
, (37)
a, b, c = ±1. Since t∗ is the critical visibility for A(xyz),
the tuple Φt∗(A(xyz)) lies in ∂(J3(2, 2)), the boundary
of the corresponding compatible set. Indeed, if that was
not the case then we would be able use the depolarising
perturbation DTr to find a less-depolarised version of
A(xyz) still jointly measurable.
However, as already pointed in Ref. [12], this tuple
admits more than one joint measurement. The 8-outcome
POVMs M(+),M(−) given by
M±abc =
1
4
(
I± aσx + bσy + cσz√
3
)
(38)
if ±(a, b, c) ∈ {(1, 1, 1), (−1,−1, 1), (−1, 1,−1),
(1,−1,−1)} and M±abc = 0 otherwise are also joint
measurements for Φt∗(A(xyz)), obtained by adding the
marginal-preserving perturbation D± given by D±abc =
±abcMabc. (In fact, M(+),M(−) are symmetric informa-
tionally complete (SIC) tetrahedral measurements embed-
ded in P(2, 8).) These POVMs are extremal in the set of
joint measurements for A(xyz). We apply a straightfor-
ward modification to SDP (12) to check that there is no
marginal-preserving perturbation for M orthogonal to D,
hence concluding that the set of joint measurements for
A(xyz) is completely described by convex combinations of
M(+),M(−).
Therefore, Φt∗(A(xyz)) has many joint measurements,
even though it lies in the boundary of the compatible
set. On the other hand, Theorem 3 tells us that A(xyz)
is not an extremal tuple in J3(2, 2). Indeed, we find the
decomposition
A(xyz) = 12 (B + C) , (39a)
where B = [B(1),B(2),B(3)] is given by
B(1) = Φ√ 2
3
(
I+ (σx + σz)/
√
2
2 ,
I− (σx + σz)/
√
2
2
)
B(2) = Φ 1√
3
(A(y)) (39b)
B(3) = B(1)
and C = [C(1),C(2),C(3)] is given by
C(1) = Φ√ 2
3
(
I+ (σx − σz)/
√
2
2 ,
I− (σx − σz)/
√
2
2
)
C(2) = Φ 1√
3
(A(y)) (39c)
C(3) = Φ√ 2
3
(
I− (σx − σz)/
√
2
2 ,
I+ (σx − σz)/
√
2
2
)
.
It is simple to check that B and C are jointly measurable
and extremal in J3(2, 2).
9Measurement Tuple of measurements Joint measurement Result
all extremal in P(d, n) ⇐⇒ extremal in P(d, n)m Theorem 1
at least one is boundary in P(d, n) ⇐⇒ boundary in P(d, n)m Theorem 7
at least one is extremal in P(d, n) ∧ jointly measurable =⇒ unique Corollary 4
extremal in Jm(d, n) ⇐⇒ unique, extremal in P(d, nm) Corollary 5
extremal in Jm(d, n) 6⇐= unique Example 2
boundary in Jm(d, n) ⇐⇒ boundary in P(d, nm) Theorem 8
boundary in Jm(d, n) ⇐= unique Theorem 9
boundary in Jm(d, n) 6=⇒ unique Example 4
Table I. Summary of relations between properties of measurements, tuples of measurements, and joint measurements (in the case
where the tuples are jointly measurable). In blue, the previously known results in the literature of quantum measurements [7, 12].
The above decomposition emphasizes the relevance of
tuples in which some measurements are more depolarised
than others, such as B and C.
DISCUSSION AND CONCLUSION
We introduced the notion of property-preserving per-
turbations for tuples of measurements and for joint meas-
urements, and derived a criterion for deciding on the
uniqueness of a joint measurement based on it. By in-
terpreting the depolarising map as the action of a per-
turbation, we proved that extremality in the set Jm of
compatible tuples is a sufficient condition for joint meas-
urement uniqueness, while belonging to the boundary of
Jm is a necessary one. We also provided counter-examples
showing that none of these conditions are both necessary
and sufficient.
As a by-product, we were led to characterise the ex-
tremal and boundary points of the sets of general tuples of
measurements Pm and of compatible tuples Jm, extend-
ing well-known results to these so-far unexplored grounds.
With our machinery we also recover previous results in the
context of operator algebras, regarding the extremality
of the measurements in the tuple [7, 8]. (See Table I for
a summary of our results.) It would be interesting to see
if the other results we derived here can also be obtained
by the operator algebras approach.
In the case where the joint measurement is not unique,
a natural question would be to find criteria for deciding
on the optimal one. Each such criterion would provide
an unambiguous way of relating each compatible tuple to
a unique joint measurement.
Another raised problem is to relate our questions
here to other notions of compatibility, such as coexist-
ence [13], as well as to the topic of Einstein-Podolsky-
Rosen steering [14], which is closely connected to joint
measurability [15, 16]. Using this connection, each joint
measurement for a tuple of POVMs [B] corresponds
to a local-hidden-state (LHS) model for the assemblage
{σi|B = TrA(ΨB(i)⊗ I)}, where Ψ is a fixed full-Schmidt-
rank bipartite state. Then each of our results translates to
a relation between such extremal/boundary assemblages
and their (possibly unique) LHS models. A natural next
step would be to consider unsteerable states, that is, states
for which every assemblage generated by them can be
described in terms of an LHS model. In this scenario, one
can ask what is the relation between the boundary/ex-
tremal properties in the set of unsteerable states and
the uniqueness of the LHS model (for all measurements).
Since not even for the simplest case of Werner states
the boundary of such set is completely understood, the
techniques presented here might prove to be useful in this
context.
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